The bouncing ball on a sinusoidally vibrating plate exhibits a rich variety of nonlinear dynamical behavior and is one of the simplest mechanical systems to produce chaotic behavior. A computer control system is designed for output calibration, state determination, system identification and control of a new bouncing ball apparatus designed in collaboration with Magnetic Moments 2 .
Introduction
The bouncing ball system consists of a ball bouncing on a plate. The plate is driven using a sinusoidal input signal of fixed amplitude and a controlled variable frequency. This system exhibits a rich variety of nonlinear dynamical behavior and is one of the simplest physical systems to exhibit chaotic motion. A complete theoretical study of a ball bouncing on a vibrating plate is given by Holmes in [1, 2] . They demonstrated that depending on the initial conditions of the ball and the frequency at which the plate is driven, the ball can exhibit either chaotic or ncycle periodic motion. Our main focus here is on simple 1-cycle periodic motion such that the ball bounces to the same constant height as the plate undergoes only one complete cycle between bounces. However, depending on frequency, it is possible for the ball to bounce to n different heights for every m cycles of the plate. Chaotic motion is obtained at certain driving frequencies of the plate. It is shown in [1, 2] that a ball map for the bouncing ball system contains a 'Smale horseshoe', which is an indicator that the motion of the ball is chaotic at certain frequencies.
The ball map is extremely sensitive to the coefficient of restitution used to model the system, and it needs to be determined accurately for modeling and control purposes. We estimate the coefficient of restitution using data taken during a stable 1-cycle periodic orbit.
A simple difference equation based on a high-bounce approximation derived in [1] is often used to represent the motion of a ball bouncing on a massive sinusoidally vibrating plate. An exact map that does not place the artificial constraint that the speed of the ball on impact is always unidirectional has been derived in [3] and it is shown to be a more accurate. A map based on differential equations that does not make the high-bounce approximation is found in [4] . The latter two maps are very detailed and extremely complicated for use in the design of a controller.
However, when the amplitude of the piston is small compared to the height to which the ball bounces, it has been shown in [6] that the non-linear map obtained using the high-bounce approximation derived in [1] is a good representation of the experimental system described in section 1.1.
In order to design a controller for driving the system to a fixed point, a linear map for the system is needed. We use two methods to do this. In the first, we linearize the (non-linear) high bounce map about a fixed point corresponding to one of the stable 1-cycle periodic orbits [6] . In the second, a linear map [6, 7] is determined experimentally.
The control algorithm first uses chaotic motion [8] to drive the ball to an approximate domain of attraction of the desired fixed point (obtained using one of the two linear maps mentioned above). Then the control is switched to linear feedback control based on the same linear map used to approximate the domain of attraction. The effectiveness of the control algorithm based on both of the linear maps is compared using data collected from the experiment.
Description of the Apparatus
The bouncing ball apparatus (BBA) is an experimental system manufactured by Magnetic Moments and is illustrated in Fig. 1 . This design is based on a laboratory system used in previous studies [5, 7] . A voice coil type actuator having a stroke limited by rubber bumpers drives the plate. An external command input (typically a sinusoidal waveform) is supplied as a reference to control the motion of the piston. A "super ball" is confined to bounce along a tensioned stainless steel rod. The ball has an internal Teflon bushing to allow it to move smoothly along the stainless steel rod. Moreover, the rod is lubricated with a light spray lubricant. This significantly reduces the friction to a level so that it is not a factor in the derivation of the ball map below.
The position of the piston is measured using an inductance coil etched on the printed circuit board. The inductance of this coil changes as a tapered section of the aluminum piston assembly moves through the coil and is detected using a crystal-controlled coherently-demodulated sensing scheme. This is fed back through a high-bandwidth PD controller and is used to control the amplitude and frequency of the piston according to the externally supplied reference control input. This internal control system loop for maintaining the reference input is depicted in Fig. 2 .
Ideally, the motion of the piston should be unaffected by the impacts with the ball. The internal controller for the piston approximates this situation and the piston, though affected by the impact, recovers quickly. A ball-bounce sensor consists of a microphone in the piston and is in acoustic communication with the ball impact surface via an acoustic waveguide. The channel inlet is on the top of the piston. The output from the microphone is an analog signal and this can be used to compute the time of bounce. The signals from the piston position sensor and the microphone are provided as outputs and are used to compute the state of the system. The reference input may be provided using a signal generator or a closed-loop computer control system by adding an outer control loop in addition to the internal PD piston controller. Our interest here is in designing an outer control loop in order to obtain the desired stable periodic motion.
Interfacing the BBA with a Computer
The outer control loop consists of a computer control system using a data acquisition card to acquire the output signals from the BBA and to supply the control signal as a reference input to the BBA, as shown in Fig. 3 .
The computer determines the state of the system based on the output from the BBA. This is then used to generate a control signal to the experimental system based on any chosen control algorithm. The output from the piston position sensor is a voltage and this is calibrated in terms of a displacement of the piston in meters with respect to the position of the piston when no control input is supplied. The microphone output is an analog signal that shows a spike when a bounce occurs. A variation of a zero crossing technique is used to identify the time of bounce. A pseudo-derivative filter is designed to estimate the velocity of the piston from the position signal.
A combination of the piston position and velocity is used to compute the phase of the piston at bounce, which is one of the state variables of the BBA. The time between bounces, obtained from the microphone, along with the driving frequency of the plate is used to compute the phase change of the plate between bounces and this is the other state variable of the BBA.
Control Algorithm based on Chaos
A number of control algorithms have been proposed to obtain various types of stable periodic motion. A frequency modulation technique has been used in [9] to achieve a 2-period motion or a stable periodic motion involving two bounces per period. The plate is driven at a certain base frequency and the instantaneous frequency is modulated to obtain arbitrary controlled bounce heights in 2-period motion. A recent paper [10] has shown the tracking of 'passive' stability with active control of the oscillatory period by first collecting data from a number of subjects rhythmically bouncing a ball in a stable 1-cycle periodic motion on a tennis racket in a virtual reality setup and then using this data in a model system of a neural oscillator acting like the controller. This model implemented a co-existence between open loop and closed loop control A control algorithm based on chaos [5, 8] has been used to control the ball to a stable 1-cycle periodic orbit starting from rest on the plate and has been implemented in simulation in [6] . It has been demonstrated to work on a laboratory system [7] . This algorithm may be used to control the ball to any given stable or unstable periodic orbit. The ball is initially driven chaotically using an open-loop sinusoidal input to the plate. The chaotic motion continues until the ball enters the domain of attraction, corresponding to the closed-loop control law. An estimate for the boundary of the domain of attraction is defined using a Lyapunov function level curve. Whenever the state of the ball lies within this level curve, the control is switched to the closed-loop control that drives the ball to the fixed point.
We will consider here the simplest case of driving the ball to a stable 1-cycle orbit using this control algorithm based on chaos. Because the 1-cycle is stable, we only have to switch the driving frequency to the frequency corresponding to the stable fixed orbits once the system enters the domain of attraction.
The key step in the implementation of this algorithm is the ability to estimate the domain of attraction accurately. Two linear maps are used for this purpose. In the first case, a linear map obtained from experimental data is used. In the second case, a linearized high-bounce approximation is used. In both cases, the ball is controlled to a fixed point corresponding to one of the frequencies corresponding to a stable 1-cycle periodic motion. Data is collected directly from the experiment and the trajectory of the ball is plotted. The effectiveness of these maps to represent the actual bouncing ball experimental system is compared. 
Description of Computer Control System for BBA

Calibration
A number of characteristics of the BBA needed to be determined before a control system could be designed. These include the linear relation between the reference input voltage and the piston displacement, and the phase characteristics of the piston motion with respect to the control voltage signal. Also, the outputs of the actuators and the sensors of the BBA needed to be calibrated. These are used in the estimation of the state of the system. All measurements are carried out using the computer control system described in the previous section. The details of 
System Identification
The key parameters for the BBA are the mass ratio (M) and the coefficient of restitution of the ball (e). The mass ratio is defined as the ratio of the mass of the ball to the mass of the piston. This is known accurately from direct measurement. The coefficient of restitution e is defined as.
V are the upward velocities of the ball just before and after the last bounce, and Wj and W j ' are the upward velocities of the piston just before and just after. The negative sign comes from the reversal of directions of relative velocities. The value of e must be determined indirectly.
Two different methods were employed to determine e. The first method used the definition of e and the data collected from the BBA by putting the ball into a stable 1-cycle periodic orbit.
The second method used the data collected from the BBA and the periodic solutions to the highbounce approximation used to represent the BBA. The methods used in the determination of the parameters give insights into the rich nonlinear dynamics of the bouncing ball apparatus.
Using the value of e from the first method and data obtained experimentally, the first linear map of the BBA is estimated. The second linear map for the BBA is constructed using the value of e from the second method and a direct linearization of the high bounce approximation.
Coefficient of Restitution
The coefficient of restitution (e) is an extremely sensitive parameter of the system. It is written in terms of the known parameters of the system. Using the definition of e from Eq. (1), we have
By the conservation of momentum,
Eliminating W j ' between Eq. (2) and Eq. (3) gives
A procedure for determining e by dropping the ball on the stationary rigid surface from an arbitrary height and recording the time between bounces is suggested in [13] . Unfortunately removing the ball from the apparatus and measuring the bounce heights by dropping the ball on a rigid surface from a known height does not give consistent results due to the presence of the shaft through the ball. This same procedure was tried by leaving the ball in place on the apparatus and bouncing the ball on the BBA piston using a constant voltage input to hold the piston stationary.
The value of e was estimated to be 0.713. However, this is not an accurate value of e for the ball due to the fact that the piston should have an infinite mass so that its motion is unaffected by the impacts with the ball. The internal controller for the piston only approximates this situation. The value of e is extremely sensitive to the small motion of the piston caused by the bounce and hence it must be determined by some other method. A unique procedure that takes advantage of the dynamics of the systems in order to determine the value of e is given in the next section.
Determination of the Coefficient of Restitution using Experimental Data
The definition of e and the data collected by putting the ball into a stable 1-cycle periodic motion is used to determine e. For stable 1-cycle periodic motion, the ball bounces to a constant height.
In this case, the magnitude of the velocities j V and ' j V will be equal with the directions being opposite for every bounce:
The motion of the piston is controlled according to
where j y is the vertical displacement of the piston. The amplitude of oscillation of the piston is a, the frequency just after the (j-1) th bounce is " and the phase angle of the piston at the j th bounce is given by
The velocity of the piston is obtained by differentiating Eq. (7) to give ) cos(
Using Eq. (5), the time between bounces can be written as We first put the ball into a stable 1-cycle periodic motion. An approximate range of frequencies at which stable 1-cycle periodic motion occurs can be determined by assuming a reasonable value of e (say about 0.8), and then using frequencies close to this. In order to place the ball into a periodic orbit the ball has to be dropped from the initial height corresponding to the stable orbit and the piston must be in the proper position when the ball hits it. Since this is not known beforehand, trial and error is required. This can be achieved by dropping a ball a few times from an approximate height.
The piston is supplied with a sinusoidal reference input of amplitude 0.008m (near the full range of motion possible) at one of the approximate frequencies corresponding to 1-cycle periodic motion. The ball is dropped from an arbitrary height until it gets into a 1-cycle periodic orbit. The bounce times are noted for a number of bounces (about 30-40 bounces) and these are used to compute the time between bounces and the phase of piston at the bounces. Table 1 shows the mean value of the value of the phase of the piston at bounces, the time between bounces and the e value corresponding to a particular frequency. The e value shown is the mean value of about 30-40 readings. The data is collected using a Simulink 
Linear Map from Experimental Data
We construct a linear map for the BBA about a stable fixed point using data collected directly from the experiment. A small perturbation is applied to the frequency of vibration of the piston about one of the periodic orbits and data is collected from the apparatus. A least square analysis is carried out on the data to construct a linear map for the apparatus corresponding to a particular frequency as in [6] .
The ball is first placed into any stable 1-cycle periodic orbit (by trial and error) at a certain ...
where the subscript represents the bounce number.
From this we can formulate the 2n x 1 vector
and the 2n x 6 matrix (11) 
We then find the least squares solution to the equation 
High-bounce Approximation to Represent BBA
We also estimate the parameters of the BBA, using a map based on the high-bounce approximation. The high-bounce approximation is linearized and is compared to the data-based linear map obtained above. From this we can see if the high-bounce ball approximation is a good representation of the BBA and whether we can design controllers for the actual experimental system using this map.
In constructing the high-bounce approximation, we make a few assumptions so as to obtain a simple representation of the bouncing ball system as in [6] . We do not consider the presence of "uncertain" forces that are introduced due to the rod used to restrain the motion of the ball along a vertical and the air resistance. We also assume that the amplitude, a, of the piston is negligible compared with the height of the bounce.
The phase angle for the next bounce can be written using Eq. (8) as
Rewriting Eq. (4) for 
Using Eq. (9), the velocity of the piston for the next bounce can be written as
(21)
If we make the high-bounce approximation that the amplitude is negligible compared with the height of the bounce, we can obtain explicit equations for the map. The high-bounce approximation gives
where g is the acceleration due to gravity.
It follows that Eq. (18) and Eq. (20) may be written as 
Determination of e using Periodic Solutions to High-bounce Approximation
The periodic solutions to the high-bounce approximation and the data collected for various 1-cycle periodic motions are used to compute the value of e. The data needed for the frequency and the phase of the piston at bounce, is obtained from a stable 1-cycle periodic motion of the ball.
These parameters are compared to the experimentally obtained parameters. This is a good indicator of the effectiveness of the periodic solutions of the high bounce approximation to represent the actual experimental system for periodic motion of the ball.
We seek fixed points of high-bounce approximation given by Eq. (1 2 ) cos cos
The e values in Table 2 Table 2 : The e values are obtained by using the solutions to the nonlinear ball map, at different frequencies and the corresponding value of the phase of the plate at bounce. The mean value of e is found to be 0.815, which is the very close to the value of 0.822 found using the stable 1-cycle periodic motion along with the definition of e.
Linear map as Determined from High-bounce Approximation
The linearization of the high-bounce approximation in Eq. (23) gives x , u represent the perturbations from the nominal values as given in Eq. 11 and Eq.
(12), and 21
Substituting the parameters of the BBA we get The parameter e of the BBA is found using the two methods. All parameters are summarized in Table 3 . a) b) Table 3 : a) e found using the definition and data collected from stable 1-cycle periodic motion of the ball, b) e found using experimental data and periodic solutions to high-bounce map.
The parameters of the high-bounce approximation using the two different values of e obtained earlier are given in Table 4 . a) b) Table 4 : a) Parameters computed using values in Table 3a , b) Parameters found using values in Table 3 b)
The two sets of values in Table 3 and Table 4 are almost identical. Using the information in Tables 3 b) following two tables, Table 5 and Table 6 . The parameter 'n' represents the number of cycles of the piston between ball bounces. exist in these regions, as it is a consequence of an infinite number of (forward and reverse)
bifurcations that occur in these frequency ranges. We pick a frequency of 44 rad/s to produce the chaotic motion (or possibly a chaotic transient to a periodic motion with m>1).
Controlling the Ball to 1-cycle Stable Periodic Orbits
From the previous analysis, it is evident that the high-bounce approximation is a fairly good representation of the BBA. With this approximation, a Lyapunov function approach is used to estimate the domain of attraction. A Lyapunov function-based analysis provides us with a subset of the true domain of attraction to the fixed point. An alternative method for estimating the domain of attraction uses a stable manifold to the fixed point [14] .
We use the two different linear maps obtained earlier to design controllers to put the ball into the stable 1-cycle periodic orbits with the ball starting from rest on the plate. The efficiency of the controllers in putting the ball into the domain of attraction and keeping it there is dependent on the accuracy of the estimate of the domain of attraction. This is dependent on the accuracy of the linear maps used to represent the BBA. Data collected directly from the BBA is used to evaluate the efficiency of the controllers. This is then used to determine as to which of the linear maps is a more accurate representation of the BBA.
Domain of attraction from experimental data
At a piston frequency of 30 rad/s the ball can be driven to a stable 1-cycle, by placing it in the limited region of attraction associated with this fixed point. At a piston frequency of 44 rad/s the ball experiences chaotic motion and is driven to a chaotic attractor from any given initial condition. If the domain of attraction to the fixed point has a non-empty intersection with this chaotic attractor, then this entire attractor region acts like the basin of attraction to the fixed point [8] . That is, by using a piston frequency of 44 rad/s the ball will eventually be driven into the domain of attraction corresponding to the 30 rad/s piston frequency. When this happens, the piston frequency is switched to 30 rad/s resulting in 1-cycle motion [5] . The key feature in this algorithm for obtaining 1-cycle motion is to be able to estimate the domain of attraction.
Observe that the linear map obtained from the experimental data, 0.571 0.511 1.619 0.520 1.608 2.159
The ball is initially driven at a frequency that will produce chaotic motion or a chaotic transient to a periodic motion. This frequency was chosen to be 44 rad/s using the periodic frequency table. When the ball enters the domain of attraction to the stable 1-cycle periodic orbit at 30 rad/s, the driving frequency is changed to the stable 30 rad/s. The key step is to identify whether the ball has entered the domain of attraction and for this we need to find the estimate where the boundary of the domain of attraction to the fixed point lies. This can be done in simulation by solving an optimization problem of finding the largest
is negative [8] . For two-dimensional systems, this can be simplified by choosing a value of max V , setting up difference equations for evaluating around the level curve A control algorithm based on chaos is used to control the ball to periodic orbits, starting from rest on the piston, in the bouncing ball experiment. Another run of the experiment is carried out to find out if the ball remains in a stable periodic orbit, once it is captured within the domain of attraction. Figure 6 shows the ball after it has been captured within the domain of attraction and is undergoing a number of 1-cycle periodic bounces. It is observed that the ball is in a stable motion. Figure 7 shows that the corresponding bounce heights are almost equal and constant at about 6 cm.
Domain of attraction from high-bounce approximation
The linear map obtained by linearization of the high-bounce approximation is now used to estimate the domain of attraction. Using this we get
The chaotic frequency of 44 rad/s and the frequency of 30 rad/s for a stable 1-cycle periodic motion chosen for the earlier approach is found to work here. Following the same procedure described earlier, the P matrix is obtained as 9.179 5.058 5.058 5.778
and the boundary of the domain of attraction is defined by
These parameters are used in the controller for the bouncing ball system. The ball is started from rest on the piston as before and a control algorithm based on chaos is used to control the ball to a periodic orbit. The data collected directly from the experiment is plotted in Fig. 8 . The solid elliptical region represents the domain of attraction estimated using the linearized high-bounce approximation. The dashed elliptical region indicates the domain of attraction obtained directly from the experimental data. It is seen that the domain of attraction estimated using the linear map from the direct experimental method is oriented differently and is much smaller than the one estimated from the linearized high-bounce approximation.
The ball is driven chaotically in state space before being captured within the domain of attraction and driven to the fixed point. It is observed on the plot that the ball enters the domain of attraction indicated by the solid line a number of times but is not captured. The periodic bounces of the ball about the stable orbit clearly show that the linear map from the experimental data gives a better estimate for the domain of attraction. Figure 9 shows that even though the ball enters the domain of attraction, reaches the stable orbit and executes a number of stable 1-cycle periodic bounces, it has a tendency to leave the domain of attraction. The chaotic control will ultimately bring the ball back to the stable orbit but this shows that the estimate of the domain of attraction obtained using the linearized high-bounce approximation is not accurate.
Conclusions
The linear map obtained from experimental data gives a more accurate estimate of the domain of attraction and hence produces a more effective controller. The controller using the estimate of the domain of attraction from the linearized high-bounce approximation is not as effective. This is because the linearized high-bounce approximation gives a much larger estimate for the domain of attraction (it completely encloses the estimate of the domain of attraction obtained from the experimental data based linear map) so that the incorrect control is used. Either algorithm is robust enough to tolerate inaccuracies in the estimate of the domain of attraction, and is able to put the ball back into the stable orbit. The more accurate estimate of the domain of attraction obtained from the experimental data also ensures that the ball stays in a periodic orbit.
A similar method can be used to design a controller to one of the unstable periodic orbits.
The only change is that a linear controller needs to be designed to drive the ball to the stable orbit from its domain of attraction. Generally, a linear controller is designed using a linear map of the system about the fixed point requiring an accurate estimate of the map. As before, an accurate linear map for the highly nonlinear bouncing ball apparatus is needed and can be obtained using the experimental data. Approximations used to simplify the high-bounce approximation do not yield an accurate map for linearization.
It was found that conventional methods could not be used to determine the value of the coefficient of restitution e, an extremely sensitive parameter of the system. Using the stable 1-cycle periodic orbits to determine the value of e provided insights into how we can take advantage of the system dynamics to determine its value accurately. The accurate determination of e also allowed us to predict the frequencies at which periodic and chaotic motion occurs for the apparatus, thereby allowing us to use a control algorithm based on chaos effectively for control of the ball.
It is quite evident that the bouncing ball system developed in collaboration with Magnetic
Moments provides an excellent experimental tool to study nonlinear dynamics and chaos. The apparatus can be used to study the variety of chaotic or periodic motions possible, depending on the initial conditions of the ball and the piston. Various conventional control algorithms can be applied to study their effectiveness for this highly nonlinear, yet simple mechanical system.
Appendix A
A.1 Calibration of the Piston Position Sensor
The piston position sensor is calibrated in order to obtain the corresponding displacement of the 
A.2 Linearity and Frequency Response of Piston
A voltage signal is applied a reference input to the BBA to control the piston position. The internal piston control system is kept closed. The piston displacement is observed to be linear with respect to the input signal and is represented by The frequency response of the piston [11] is obtained by supplying a sinusoidal reference input signal to the BBA at different frequencies. The amplitudes of the reference input signal and the output signal from the piston position sensor, and the phase difference between the two is measured at these frequencies and is plotted in Fig. 11 . The dashed line indicates the trend of the piston margin plot. A cutoff frequency of 110 rad/s was obtained as shown by the dotted line.
The phase plot indicates that there is no significant difference between the input and output signals for frequencies up to about 50 rad/s and can be ignored for all practical purposes.
A.3 Bounce Detection using Microphone, Data Acquisition System
A ball-bounce sensor is provided in the BBA to detect the collision between the piston and the ball. This uses a microphone to record the sound of collision. The signal from the microphone is amplified and filtered and is then provided as the bounce output of the BBA. This analog signal is read through the data acquisition card into the laptop computer and the computer control system described earlier. The bounce times are extracted by using a modified zero-crossing detection technique.
The bounce output signal for a 1-cycle periodic bounce is shown in Fig. 12 (a) . The bounce output is an analog signal undergoing oscillations about a certain value (due to the piston motion) when no bounce has occurred. When a bounce occurs there is a spike in the oscillation in the negative direction. The bounce output has been magnified to show two consecutive pulses in Fig.   12 (b). A closer look at the pulse shows that the signal crosses the zero from the positive and the negative sides twice. The time of bounce is given by the time at which the signal first crosses the zero axis. A direct zero crossing technique based on a falling edge cannot be applied as this would lead to triggering of false bounces. In order to avoid this, some logic has to be incorporated to capture the first falling edge.
It is observed that the second falling edge occurs within 10ms of the first falling edge. The time between consecutive bounces is greater than this (order of 180-300ms). So, a falling edge is considered as a bounce only if a falling edge has not occurred within the previous 10ms. This is implemented by recording the zero crossing time at which the falling edge occurs and then comparing this value with the zero crossing time of the previous falling edge that has been stored in memory. If this value is greater than 10ms, then a bounce is said to have occurred. The corresponding time of bounce and the piston position are recorded. The time between bounces can be obtained from this.
A.4 Pseudo-derivative Filter for Velocity Estimation
The velocity of the piston at the time of bounce is needed to compute the phase of the piston from the position signal. The sign of position and the velocity are used to estimate in which quadrant the phase angle lies. The velocity is estimated from the position signal using a simple pseudoderivative filter [12] .
The transfer function of the pseudo-derivative filter is given by: This filter is converted to discrete form in order to apply it to the discrete time position signal obtained into computer through the data acquisitions system. In order to discretize Eq.
(27), a mapping from the s-plane to the z-plane is obtained using the standard Tustin's method:
where T = sampling time for the input position signal.
The discretized state space equivalent of Eq. 27 is written as: 
